ABSTRACT. In the context of the problem of what micro-states are responsible for the entropy of black holes, we consider as a physical toy model the electromagnetic Coulomb solution. By quantizing the electromagnetic field in the presence of an external source of charge Q, the quantum state corresponding to the Coulomb solution is identified as a coherent state of longitudinal and temporal photons in a Hilbert space with negative norm states.
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Introduction
A major challenge in contemporary theoretical physics is a better understanding of the microscopic origin of the Bekenstein-Hawking black hole entropy [1, 2] . There have been many speculations that the degrees of freedom responsible for this entropy might have something to do with gauge degrees of freedom (see e.g. [3] ) that cease to be pure gauge because of non trivial boundary conditions. This is borne out by the existence of a black hole solution in 2+1 dimensional gravity with a negative cosmological constant [4, 5] , despite the fact that there are no physical gravitons. Because of the latter feature, the problem of the entropy of the BTZ black hole is technically simpler than the one of its higher dimensional cousins, and has been analyzed extensively (see e.g. [6, 7, 8] ).
From a mathematical perspective, mass and angular momentum in general relativity are akin to electric charge in pure electromagnetism: these observables are described by surface charges and are related to parameters of vanishing gauge transformations, Killing vectors of a suitable background in the former case and a constant gauge parameter in the latter [9, 10] . From this point of view, the analogue of a black hole of mass M is the Coulomb solution with charge Q. Before turning to black holes, it is thus useful to understand the micro-states corresponding to the Coulomb solution.
The computation presented below is a straightforward exercise whose result is known in some form or the other (see e.g. section 18 of [11] ) and that can easily be generalized to the coupling of the electromagnetic field with an arbitrary conserved current. Nevertheless, it seems worthwhile to provide a complete and self-contained Hamiltonian derivation, as it sheds some light on the black hole problem.
Quantum Coulomb solution as a coherent state
By Coulomb solution, we mean the solution to Maxwell's equations with zero magnetic and transverse electric fields that is produced by a static point-particle charge. For simplicity, we consider the case where the world-line of the point-particle coincides with the time-axis of Minkowski space-time. The associated action principle is given by
BRST quantization of this system is well-known. We follow chapter 19 of [12] 1 ,
where the case j µ = 0 has been considered in great detail. In the presence of the source, 
where a( k) = a 3 ( k)+a 0 ( k), with a 3 ( k), a 0 ( k) the oscillators associated with longitudinal and temporal photons respectively and q( k) = Q (2π) 3/2 √ 2k 3/2 . The BRST operator Ω Q does not any longer annihilate the standard vacuum. In order to have the usual quartet mechanism [13] at work, one can define the shifted oscillators
without affecting the commutation relations and define the appropriate vacuum through
with |0 Q being annihilated by all the other destruction operators. In terms of the standard vacuum, the new vacuum appears as a coherent state made out of temporal and longitudinal photons,
oscillators, Q 0|0 Q = 0|0 = 1. As we are now going to show, it is the state |0 Q that corresponds to the Coulomb solution.
Indeed, the expectation value of A µ ( x) in the new vacuum is
With A i = 0, the classical equations of motion are solved by 6) which differs from (2.5) by a factor 2. There is however no contradiction as
The expectation values of the gauge invariant electric and magnetic fields in the new vacuum agree with their classical analogs:
Discussion
Since it is built out of longitudinal and temporal photons, understanding the Coulomb solution quantum mechanically is thus only possible if one quantizes all polarizations in a Hilbert space with negative norm states and not if one reduces to physical degrees of freedom around the new vacuum before quantization. The advantage as compared to the A 0 = 0 gauge advocated for instance in [14] is that a charge eigenstate now appears as a displaced vacuum state. This generalizes to unphysical photons the corresponding property of physical photons when coupled to a classical external vector current density [15] .
